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Context

Let X1, . . . , Xn be data or observations.

We modelize it as random variables in Rd
Examples : images, physical data, biological parameters, etc..

We try to "explain" these data, finding the true distribution,...
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Regression
We observe (X1, Y1), . . . , (Xn, Yn) independent, Xi ∈ Rp, Yi ∈ R

Yi = f(Xi) + εi 1 ≤ i ≤ n
where εi centered random variables, independent

Example : Yi ozone pollution rate, Xi weather data (temperature, wind
speed, etc.)

— reconnaissance de caractères manuscrits : les Xi sont des images (chacune repré-
sentant un caractère manuscrit) et les étiquettes Yi indiquent le caractère qui y
est écrit ; voir par exemple les célèbres données MNIST (LeCun et al., 1998).

— annotation d’images : les Xi sont des images et les Yi des attributs associés : pré-
sence ou non d’un visage, d’un objet donné, liste des personnes visibles, actions
représentées, etc. La figure 2 en donne une illustration ; de nombreux jeux de
données classiques sont disponibles pour ce problèmes, par exemple ImageNet. Il
s’agit d’un des nombreux problèmes d’apprentissage considérés par le domaine
de la vision artificielle.

— détection de courriers électroniques indésirables : chaque Xi est le contenu d’un
courrier électronique et Yi indique s’il s’agit ou non d’un courrier indésirable
(pour l’utilisateur).
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Figure 1 – Taux de pollution à l’ozone en fonction de données météorologiques : un
échantillon. Données issues de Cornillon et Matzner-Løber (2011). Il s’agit
d’un problème de régression (voir la section 2.1).

L’objectif de la théorie statistique de l’apprentissage est de dégager des principes
théoriques communs à tous ces problèmes.

1.1 Formalisation du problème
On peut formaliser mathématiquement le problème de prévision de la manière sui-

vante.

4
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Regression

Least squares estimator : f which minimize

min
f∈S

n∑

i=1

(Yi − f(Xi))
2

for S a subset of L2

S = {f(x) =∑p
j=1 θjxj , θj ∈ R} classical linear regression

S = {f(x) =∑j∈J θjxj , θj ∈ R} variable selection, only k = |J |
features
S = {∑k

j=1 θjφj , θj ∈ R} for (φj) orthonormal basis (Fourier,
wavelets, etc.)
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Supervised learning

(X1, Y1), . . . , (Xn, Yn) are independent with same distribution,
X ∈ X , Y ∈ J finite
Aim : to predict which label is associated to a new observation Xn+1

Example: spam detection, or character recognition

X image of the handwritten digit
Y ∈ {0, . . . , 9} the true number

k-nearest neighbors algorithm:
Yn+1 is most frequent label among the k nearest neighbors to Xn+1.
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Unsupervised learning
We observe X1, . . . , Xn independent and identically distributed (i.i.d.)
Aim: group the data in classes

Methods:
- k-means,

- estimation of the data den-
sity (kernel density estimator
depends of a bandwidth pa-
rameter h)

- ...
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Selection methods

There is always one (or more) parameter to choose!

Some methods:
Minimisation of a penalized contrast criterion
Cross-validation
Thresholding of the coefficients for a projection estimator
Lepski’s method
...

In all cases, the choice depends on the objective: prevision 6= best model
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Statistical framework

X1, . . . , Xn i.i.d. real random variables with unknown density f
Given h > 0, we can estimate f by

f̂(x) =
Card {i, x− h ≤ Xi ≤ x+ h}

2hn
=

1

2nh

n∑

i=1

1{x−h≤Xi≤x+h}

More generally f̂h classical kernel estimator

f̂h(x) =
1

n

n∑

i=1

Kh(x−Xi)

with Kh(·) = 1
hK

( ·
h

)
and K a given kernel (function with integral 1)

Performance measure: quadratic loss ‖f̂h − f‖2 where ‖.‖ is the L2 norm

C. Lacour Sélection d’estimateurs 11 / 38



Statistical framework

X1, . . . , Xn i.i.d. real random variables with unknown density f
Given h > 0, we can estimate f by

f̂(x) =
Card {i, x− h ≤ Xi ≤ x+ h}

2hn
=

1

2nh

n∑

i=1

1{x−h≤Xi≤x+h}

More generally f̂h classical kernel estimator

f̂h(x) =
1

n

n∑

i=1

Kh(x−Xi)

with Kh(·) = 1
hK

( ·
h

)
and K a given kernel (function with integral 1)

Performance measure: quadratic loss ‖f̂h − f‖2 where ‖.‖ is the L2 norm

C. Lacour Sélection d’estimateurs 11 / 38



Bandwidth selection
8 1 Nonparametric estimators

Undersmoothing Oversmoothing

Correct smoothing

Figure 1.2. Undersmoothing, oversmoothing, and correct smoothing.
The circles indicate the sample points Xi.

The minimum with respect to h of the right hand side of (1.8) is attained
at

h∗
n =

(
C1

2βC2
2

) 1
2β+1

n− 1
2β+1 .

Therefore, the choice h = h∗
n gives

MSE(x0) = O
(
n− 2β

2β+1

)
, n → ∞,

uniformly in x0. We have the following result.

h too small h too large
(overfitting)
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Bias-variance tradeoff

Let fh(x) := E[f̂h(x)] =
∫
Kh(x− u)f(u)du = Kh ∗ f(x)

Bias-variance tradeoff:

E‖f − f̂h‖2 = ‖f − fh‖2 + E‖fh − f̂h‖2

bias variance

↘ when h↘ ↗ when h↘

Bias Depends of the smoothness of f
If f Cβ , ‖f − fh‖ ≤ Chβ

Variance E‖fh − f̂h‖2 ≈ ‖Kh‖2
n = ‖K‖2

nh

Best (theoretical choice) h ≈ n−1/(2β+1), with β unknown
↪→ we need a data-driven choice
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Bias estimation

Bias-variance tradeoff:

E‖f̂h − f‖2 = ‖f − fh‖2 + E‖fh − f̂h‖2 ≈ ‖fh − f‖2︸ ︷︷ ︸+
‖Kh‖2
n︸ ︷︷ ︸

B2(h) V (h)

Idea to minimise E‖f̂h − f‖2 : estimator B̂2(h) of B2(h) and then

ĥ = argmin
h∈H

{B̂2(h) + V (h)}

where H finite set of bandwidths

C. Lacour Sélection d’estimateurs 14 / 38



Some heuristics (1/2)

Denote H = {hmin, . . . , hmax}

B2(h) = ‖fh − f‖2 ≈ ‖fh − fhmin
‖2

(if hmin → 0)

and

E‖f̂h − f̂hmin
‖2 ≈ ‖fh − fhmin

‖2 + ‖Kh −Khmin
‖2

n
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Some heuristics(2/2)

B2(h) ≈ ‖fh − fhmin
‖2 ≈ ‖f̂h − f̂hmin

‖2 − ‖Kh −Khmin
‖2

n

To minimize
{
B2(h) + V (h)

}
comes down to minimize

‖f̂h − f̂hmin
‖2+ V̂ (h)− ‖Khmin

−Kh‖2
n︸ ︷︷ ︸

pen(h)
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Method: Penalized Comparison to Overfitting

ĥ = argmin
h∈H

{‖f̂h − f̂hmin
‖2 + pen(h)}

where H = {hmin, . . . , hmax}

f̂hmin
: overfitting estimator

and penλ(h) =
λ‖Kh‖2 − ‖Khmin

−Kh‖2
n
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Link with other methods
PCO method

ĥ = argmin
h∈H

{‖f̂h − f̂hmin‖2 + pen(h)}

f̂hmin
(x)−→ 1

n

∑n
i=1 δXi

(x) when hmin → 0

ĥ ≈ argmin
h∈H

{‖f̂h‖2 − 2
n

∑n
i=1 f̂h(Xi) + ‖f̂hmin‖2 + pen(h)}

penalized least-squares contrast for density estimation

Goldenshluger-Lepski method



B̂2(h) = suph′∈H

[
‖f̂h∨h′ − f̂h′‖2 − pen1(h

′)
]
+

ĥ = argmin
h∈H

{B̂2(h) + pen2(h)}

degenerate case when pen1 ≡ 0

Link with regression: ĥ = argmin
h∈H

{‖f̂h − Y ‖2n + pen(h)}
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Oracle inequality

ĥ = argmin
h∈H

{
‖f̂h − f̂hmin

‖2 + ‖Kh‖2 − ‖Khmin
−Kh‖2

n

}

Theorem (Lacour, Massart, Rivoirard)
Assume ‖f‖∞ <∞ and hmin ≥ ‖K‖∞‖K‖1/n. Let ε ∈ (0, 1).
∀x > 0, with probability 1− C1|H|e−x

‖f̂ĥ− f‖2 ≤ (1+ ε)min
h∈H
‖f̂h− f‖2+C2(ε)‖fhmin

− f‖2+C3(K, ε)
‖f‖∞x3

n

Proof based on concentration inequalities
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Consequences

If f has smoothness β (Nikolskii or Besov): optimal rate of
convergence n−β/(2β+1)

Simple to implement, less comparisons than for Lepski method:
numerically faster, in particular for multivariate case

Minimal penalty different from the optimal: good news for calibration
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Multivariate case
X1, . . . , Xn i.i.d. random variables in Rd with unknown density f : Rd → R

f̂H(x) =
1

ndetH

n∑

i=1

K(H−1(x−Xi))

with H a symmetric positive-definite d× d matrix

Ĥ = argmin
H∈H

{
‖f̂H − f̂Hmin

‖2 + ‖KH‖2 − ‖KHmin −KH‖2
n

}

with Hmin diagonal with minimal eigenvalues

Theorem (Lacour, Massart, Rivoirard)
Assume ‖f‖∞ <∞ and det(Hmin) ≥ ‖K‖∞‖K‖1/n. Let ε ∈ (0, 1).
∀x > 0, with probability 1− C1|H|e−x

‖f̂Ĥ − f‖2 ≤ (1 + ε) min
H∈H

‖f̂H − f‖2 + C2‖fHmin
− f‖2 + C3

‖f‖∞x3
n

↪→ allows anisotropic rates of convergence
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Testing densities

−3 −2 −1 0 1 2 3
0.

0
0.

2
0.

4 Gauss (G)

0.0 0.5 1.0

0.
0

0.
4

0.
8

Unif (U)

0 1 2 3 4 5

0.
0

0.
4

0.
8

Exp (E)

−2 0 2 4

0.
0

0.
2

0.
4

0.
6 Mix Gauss (MG)

−2 −1 0 1 2

0.
0

0.
2

0.
4

skewed (Sk)

−3 −2 −1 0 1

0.
0

0.
4

0.
8

1.
2

strong skewed (Sk+)

−2 −1 0 1 2 3

0.
0

0.
5

1.
0

1.
5

kurtotic (K)

−2 −1 0 1 2

0
1

2
3

outlier (O)

−3 −2 −1 0 1 2 3

0.
00

0.
15

0.
30

bimodal (Bi)

−3 −2 −1 0 1 2 3

0.
0

0.
2

0.
4 separate bimodal (SB)

−2 −1 0 1 2 3

0.
0

0.
2

0.
4 skewed bimodal (SkB)

−2 −1 0 1 2

0.
00

0.
10

0.
20

0.
30

trimodal (T)

−1 0 1 2

0.
0

0.
2

0.
4

0.
6 Bart (B)

−2 −1 0 1 2

0.
0

0.
2

0.
4

double Bart (DB)

−2 −1 0 1 2 3

0.
0

0.
2

0.
4

asymetric Bart (AB)

−2 −1 0 1 2

0.
0

0.
2

0.
4

asymetric double Bart (ADB)

−3 −2 −1 0 1 2 3

0.
0

0.
2

0.
4 smooth comb (SC)

−3 −1 0 1 2 3

0.
0

0.
2

0.
4 discrete comb (DC)

0.0 0.5 1.0

0.
0

1.
0

2.
0

3.
0 Mix Unif (MU)

C. Lacour Sélection d’estimateurs 24 / 38



Comparison with other methods

H: 400 bandwiths between 1/n and 1

For various other estimation methods, we compute, for each sample,

‖f̂PCO − f‖
‖f̂Method − f‖

and we plot the median over 20 samples

Other methods:
RoT: Silverman’s rule of thumb
BCV: biased cross-validation
UCV: unbiased cross-validation
PI: Plug-in (Sheather and Jones, 1991), direct plug-in (PIdpi) or
solve-the-equation (PIste)
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Comparison with other methods
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Comparison to the best method
Mean over 19 densities f of the ratio Ẽ‖f̂meth−f‖

minmeth Ẽ‖f̂meth−f‖
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Multivariate case: testing densities in dimension d = 2
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Multivariate case: dimension d = 2, 3, 4

H: 16d bandwiths in [(‖K‖∞/n1/d), 1]d

Other methods:
NS: Normal scale = Silverman’s rule of thumb
SCV: smooth cross-validation
UCV: unbiased cross-validation
PI: Plug-in

For these methods, we compute again

Ẽ‖f̂meth − f‖
minmeth Ẽ‖f̂meth − f‖

and we plot the mean over 14 testing densities
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Multivariate comparison
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Multivariate comparison, n = 1000

Boxplots of the ratio Ẽ‖f̂meth−f‖
minmeth Ẽ‖f̂meth−f‖ over the 14 densities
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Can we generalize?

Let f be the target in a space endowed with distance d. Let (f̂h)h∈H be a
family of estimators, with f̂hmin

"the closest of the data"

Selection rule: Penalized Comparison to Overfitting

ĥ = argmin
h∈H

{d(f̂h, f̂hmin
) + pen(h)}

Other models, other losses?
No result yet for other losses, but PCO for other models exists
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Other models
F. Comte, C. Prieur, A. Samson

numerical use
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Other models

Luc Lehéricy
State-by-state Minimax HMM Estimation

State-by-state Minimax Adaptive Estimation for
Nonparametric Hidden Markov Models

Luc Lehéricy luc.lehericy@math.u-psud.fr

Laboratoire de Mathématiques d’Orsay

Univ. Paris-Sud, CNRS, Université Paris-Saclay

91405 Orsay, France

Abstract

In this paper, we introduce a new estimator for the emission densities of a nonparametric
hidden Markov model. It is adaptive and minimax with respect to each state’s regularity–
as opposed to globally minimax estimators, which adapt to the worst regularity among the
emission densities. Our method is based on Goldenshluger and Lepski’s methodology. It
is computationally e�cient and only requires a family of preliminary estimators, without
any restriction on the type of estimators considered. We present two such estimators that
allow to reach minimax rates up to a logarithmic term: a spectral estimator and a least
squares estimator. We show how to calibrate it in practice and assess its performance on
simulations and on real data.

Keywords: hidden Markov model; model selection; nonparametric density estimation;
oracle inequality; adaptive minimax estimation; spectral method; least squares method.

1. Introduction

Finite state space hidden Markov models, or HMMs in short, are powerful tools for studying
discrete time series and have been used in a variety of applications such as economics,
signal processing and image analysis, genomics, ecology, speech recognition and ecology
among others. The core idea is that the behaviour of the observations depends on a hidden
variable that evolves like a Markov chain.

Formally, a hidden Markov model is a process (Xj , Yj)j�1 in which (Xj)j is a Markov
chain on X , the Yi’s are independent conditionally on (Xj)j and the conditional distribution
of Yi given (Xj)j depends only on Xi. The parameters of the HMM are the parameters of
the Markov chain, that is its initial distribution and transition matrix, and the parameters
of the observations, that is the emission distributions (⌫⇤k)k2X where ⌫⇤k is the distribution
of Yj conditionally to Xj = k. Only the observations (Yj)j are available.

In this article, we focus on estimating the emission distributions in a nonparametric
setting. More specifically, assume that the emission distributions have a density with re-
spect to some known dominating measure µ, and write f⇤

k their densities–which we call the
emission densities. The goal of this paper is to estimate all f⇤

k ’s with their minimax rate
of convergence when the emission densities are not restricted to belong to a set of densities
described by finitely many parameters.
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for each k 2 X and takes

f̂k = f̂
(M̂k)
k ,

where � is the same penalty as the one in the usual state-by-state selection method.
An advantage of this algorithm is its lower complexity, since it requires O(Mmax) com-

putations of L2 norms instead of O(M2
max). We do not study this method theoretically

in our setting. However, the simulations (and in particular Figure 4) show that it behaves
similarly to the standard state-by-state selection method in the asymptotic regime and even
has a smaller error for small number of observations. In addition, the dimension jumps are
much sharper for this method than for the usual state-by-state selection method (see Figure
2), which makes the calibration heuristics easier to use.

4.4 Results

Figure 3 shows the evolution of the error kf̂k � f⇤
kk2 for each state k with respect to the

number of observations n, for all penalty calibration methods and all variants of the model
selection procedure. Figure 4 compares the evolution of the median error for the di↵erent
calibration methods and for the di↵erent selection variants, and Figure 5 compares two
estimators with the oracle estimators.

When the number of observations n is large enough, the logarithm of the error decreases
linearly with respect to log(n). This corresponds to the asymptotic convergence regime: the
error is expected to decrease as a power of the number of observations n when n tends to
infinity. The corresponding slopes are listed in Table 1.

For each state, the confidence intervals of the rates of all estimators–including the oracle
estimators–have a common intersection (except for the symmetrized Beta distribution in the
jumpmax MAX variant, whose estimators seem to converge faster than the others). This
tends to confirm that the calibration and selection variants are asymptotically equivalent.
This phenomenon is also visible in Figures 3 and 4: in the asymptotic regime, the errors
decrease in a similar way for all methods.

Furthermore, the rates of convergence are clearly distinct. The uniform distribution is
estimated with a rate of convergence of approximately n�1/2, which is also the best possible
rate (it corresponds to a parametric estimation rate). In comparison, the rate of convergence
for the symmetrized Beta distribution is much slower (around n�0.36). This shows that the
algorithm e↵ectively adapts to the regularity of each state and that one irregular emission
density does not deteriorate the rates of convergence of the other densities.

Note that the above rates are in accordance with the minimax rates as far as the Hölder
regularity is concerned. The minimax Hölder rate for the symmetrized Beta (which is 0.6-
Hölder) is n�3/11, or approximately n�0.27, which means our estimator converges faster than
the minimax rate would suggest. The minimax Hölder rate for the Beta distribution (which
is 3-Hölder) is n�3/7, or approximately n�0.43, which is around the observed value.

4.5 Comparison with cross validation

In this section, we use a cross validation procedure based on our spectral estimators to
check whether our method actually improves estimation accuracy.œ

When estimating a density by taking an estimator within some class (the model), two
sources of error appear: the bias, that is the (deterministic) distance between the true
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Adaptive kernel density estimation for directional data
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Abstract

We focus on the nonparametric density estimation problem with directional data. We
propose a new rule for bandwidth selection for kernel density estimation. Our procedure
is automatic and fully data driven. We obtain an oracle inequality and optimal rates of
convergence for the L2 error. Our theoretical results are illustrated with simulations.

AMS 2000 subject classification Primary G2G07
Keywords and phrases: Bandwidth selection, directional data, kernel density estimation,

concentration inequalities, penalization methods, oracle inequality

1 Introduction

Directional data arise in many fields such as wind direction for the circular case, astrophysics,
paleomagnetism, geology for the spherical case. Many e↵orts have been put to devise statisti-
cal methods to tackle the density estimation problem. We refer to [Mardia and Jupp, 2000]
and more recently to [Ley and Verdebout, 2017] for a comprehensive view. Nonparametric
procedures using kernel estimation have been well developed. Classical references include the
seminal papers of [Hall et al., 1987] and [Bai et al., 1988]. It is well-known that the choice of
the bandwidth is a key and intricate issue when using kernel methods. Various techniques
for selecting the bandwidth have been suggested since the popular cross-validation rule by
[Hall et al., 1987]. We shall cite plug-in and refined cross-validatory methods in [Taylor, 2008]
and [Oliveira et al., 2012] for the circular case, [Di Marzio et al., 2011] on the torus. More re-
cently, [Garćıa-Portugués, 2013] devised an equivalent of the rule-of-thumb of [Silverman, 1986]
for directional data, whereas [Amiri et al., 2017] explored computational problems with recur-
sive kernel estimators based on the cross-validation procedure of [Hall et al., 1987]. But to the
best of our knowledge, all the rules proposed so far for selecting the bandwidth are empirical.
Although they prove e�cient in practice, only little attention has been put on their theoretical
properties. [Klemelä, 2000] studied convergence rates for L2 error over some regularity classes
for the kernel estimator for the estimation of the density and its derivatives but the asymptoti-
cally optimal bandwidth depends on the density and its smoothness degree which is unfeasible
for applications. In the present paper, we try to fill the gap between theory and practice. Our
goal is two-fold. We aim at devising an automatic and fully data driven choice of the kernel
bandwidth so that the resulted estimator achieves optimal rates in the minimax sense for the L2

risk over some regularity classes. We emphasize that the estimator is adaptive to the smoothness
degree of the underlying density. It means that the method does not require the specification of
the regularity of the density. Our work is inspired by very recent techniques developped for the

⇤Laboratoire de Mathématique d’Orsay, Univ. Paris-Sud, CNRS, Université Paris-Saclay, 91405 Orsay, France.
Email: thanh.pham ngoc@math.u-psud.fr
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Chapter 4

Local polynomial estimation of a
doubly stochastic Poisson process

Abstract

We consider a doubly stochastic Poisson process with stochastic intensity �t = nq (Xt) where X
is a continuous Itô semimartingale and n is an integer. Both processes are observed continuously
over a fixed period [0, T ]. An estimation procedure is proposed in a non parametrical setting for
the function q on an interval I where X is sufficiently observed using a local polynomial estimator.
A method to select the bandwidth in a non asymptotic framework is proposed, leading to an oracle
inequality. If m is the degree of the chosen polynomial, the accuracy of our estimator over the
Hölder class of order � is n

��
2�+1 if m � b�c and n

�m
2m+1 if m < b�c and is optimal in the minimax

sense if m � b�c. A parametrical test is also proposed to test if q belongs to some parametrical
family. Those results are applied to French temperature and electricity spot prices data where we
infer the intensity of electricity spot spikes as a function of the temperature.
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Thank you for your attention!
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