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Discrete optimization

• Frédéric Meunier: Optimization techniques for bike-sharing
systems
• Éric Colin de Verdière, Frédéric Meunier: Embedded

T -joins



Bike-sharing systems
Abound in optimization problems.

? Station location
? Fleet dimensioning
? Inventory setting
? Rebalancing incentives
? Bike repositioning

Except the first problem, they all have static/dynamic versions.

Contribution:
• Efficient algorithm for the 1-truck static repositioning

problem
• Survey

Project: Study of the 1-truck dynamic repositioning problem



Embedded T -joins

Graph G = (V ,E), subset T ⊆ V

T -join = subgraph whose odd degree
vertices are the elements in T

Useful for various combinatorial
optimization problems, e.g., postman
tour, max-cut.

Can we compute efficiently optimal T -joins of an embedded
graph, with a homological constraint?



Limits of combinatorial structures

• Jean-François Delmas: Statistical approximation of large
networks by graphons.
• Xavier Goaoc, Alfredo Hubard: Combinatorial limits of

order types of finite point sets



Graphons and large networks

Graphon W : symmetric measurable function [0,1]2 → [0,1]

Random graph Gn(W ) sampled from W :
• vertex set: [n]

• ij : edge of Gn(W ) with probability W (Xi ,Xj), where
(Xi : i ∈ N∗) are uniformly iid on [0,1].



Convergence and fluctuations

Normalized degree function of W : D(x) =
∫ 1

0 W (x , y)dy

Empirical cumulative distribution function of Gn(W ):
Πn(y) = 1

n

∑n
i=1 1{

D(n)
i 6y

}
where D(n)

i is the normalized degree of vertex i in Gn(W ).

Theorem (Delmas, Dhersin, Sciauveau 2018)
If D is increasing, we have

• sup
y
|Πn(y)− D−1(y)| a.s.−−−−→

n→+∞
0 (almost sure convergence)

•
(√

n
(
Πn(y)− D−1(y)

))
y

(fdd)−−−−→
n→+∞

χ

(convergence of finite-dimensional distributions)
where χ = (χy )y is a centered Gaussian process.



From geometry to combinatorics and back

Combinatorial limits (Razborov + Lovász et al.) of order types
of finite point sets

and are known to be rather intricate objects, di�cult to axiomatise [3333]. While order types are well
defined in a variety of contexts (arbitrary dimensions, abstractly via the theory of oriented matroids) all
point sets considered in this work are finite subsets of the Euclidean plane with no aligned triple, unless
otherwise specified.

1.1 Order types and their limits
Let us first define our main objects of study.

Order types. Define the orientation of a triangle pqr in the plane to be
clockwise (CW) if r lies to the right of the line pq oriented from p to q and
counter-clockwise (CCW) if r lies to the left of that oriented line. (So the
orientation of qpr is di�erent from that of pqr.) We say that two planar point
sets P and Q have the same order type if there exists a bijection f : P æ Q
that preserves orientations: for any triple of pairwise distinct points p, q, r œ P
the triangles pqr and f(p)f(q)f(r) have the same orientation. The relation of
having the same order type is easily checked to be an equivalence relation; the
equivalence class, for this relation, of a finite point set P is called the order type

p

q

CCW CW

r

of P . A point set P with order type Ê is called a realization of Ê.

When convenient, we extend to order types any notion that can be defined on a set of points and does
not depend on a particular choice of realization. For instance we define the size of an order type Ê to be
the cardinality |Ê| of any of its realization. We adopt the convention that there is exactly one order type
of each of the sizes 0, 1 and 2. We let O be the set of order types and On the set of order types of size n.

Convergent sequences and limits of order types. We define the density p(Ê,ÊÕ) of an order type Ê
in another order type ÊÕ as the probability that |Ê| random points chosen uniformly from a point set
realizing ÊÕ have order type Ê. (Observe that this probability depends solely on the order types and not
on the choice of realization.) We say that a sequence (Ên)nœN of order types converges if the size |Ên|
goes to infinity as n goes to infinity, and for any fixed order type Ê the sequence (p(Ê,Ên))n of densities
converges. The limit of a convergent sequence of order types (Ên)nœN is the map

;
O æ [0, 1]
Ê ‘æ limnæŒ p(Ê,Ên)

A standard compactness argument reveals that limits of order types abound. Indeed, for each element Ên
in a sequence of order types, the map Ê œ O ‘æ p(Ê,Ên) can be seen as a point in [0, 1]N, which is
compact by Tychono�’s theorem. Any sequence of order types with sizes going to infinity therefore
contains a convergent subsequence.

1.2 Problems and results
We explore the application of the theory of limits of dense graphs to order types in two directions. On
one hand, the algebraic description of limits as positive homomorphisms of flag algebras makes these
limits amenable to semi-definite programming methods. We implemented this approach for order types
and obtained numerical results. On the other hand, the fact that measures generally define limits of order
types (Corollary 88) unveils stimulating problems and interesting questions, of a more structural nature,
on the relation between measures and limits of order types.

Flag algebras of order types. The starting motivation for our work is a question raised by Erd�s
and Guy [1818] in 1973 (see also [1717]): “what is the minimum number convk(n) of convex k-gons in a set
of n points in the plane?”. This falls within the scope of a general (and more conceptual than precise)
question of Sylvester: “what is the probability that four points at random are in convex position?”.
Making sense of Sylvester’s question implies defining a distribution on 4-tuples of points, and from the
beginning of the 20th century several variants using distributions coming from the theory of convex sets
were investigated (e.g. uniform or gaussian distributions on compact convex sets). For more background
on this, the reader is referred to the survey by Ábrego, Fernández-Merchant & Salazar [44] and to the book
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Q: Can measures in the plane be to
limits of order types what graphons are
to dense graphs?

A: NO in general, yet, we observe some
rigidity.



Results

Theorem (Goaoc, Hubard, de Joannis de Verclos, Sereni,
Volec, 2018+)
Two absolutely continuous measures in the plane induce the
same limit of order types if and only if one is the push-forward
of the other one by a projective transformation.

Provide first non trivial results on the cases k = 5,6,+∞ of
(Sylvester, Erdős):

inf
µ
Pµ(k : points form a convex polygon)



Random discrete structures

Matthieu Fradelizi, Xavier Goaoc, Alfredo Hubard: Random
polytopes



Bárány-Larman theorem
Given a measure µ on Rd , we define
? a random polytope

Pµ
n = conv(x1, . . . , xn),

where (xi) are uniformly independently drawn from µ;
? the wet parts

Wµ
t = {x ∈ Rd : ∃ a halfspace h 3 x s.t. µ(h) 6 t}.

Theorem (Bárány-Larman 1988)
If µ is uniform on a convex body, then

n
e

Vol(Wµ
1/n) 6 E(|V (Pµ

n )|) 6 2n Vol(Wµ
c/n).



Random polytopes and wet parts

Ongoing project: to what extent can this be generalized to any
measure?

Theorem (Bárány, Fradelizi, Goaoc, Hubard, Rote 2018+)
For any measure µ, we have

n
e

Vol(Wµ
1/n) 6 E(|V (Pµ

n )|) 6 2n Vol(Wµ
c log n/n),

and both inequalities are sharp.
(Proof uses ε-nets.)

There are still many questions left:
♣ does the B-L bound hold for log-concave measures?
♣ which behavior is more typical among integers?



Multifractal analysis

Stéphane Jaffard: Classification by multifractal analysis
techniques



Multifractal spectrum

Let f ∈ L∞loc(Rd ).

f ∈ Cα(x0) if there exists a polynomial P such that, for r small
enough, supB(x0,r) |f (x)− P(x − x0)| 6 Crα.

hf (x0) = sup{α : f ∈ Cα(x0)}.

Multifractal spectrum of f :

Df (H) = dimB{x : hf (x) = H},

where dimB is the fractal dimension.



Multifractal analysis of paintings: Van Gogh challenge


